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Abstract: A subset S of vertex set V(G) of a graph G of order n > 2 is a
geodetic hub set of GG if S is both a geodetic set and a hub set of G. The minimum
cardinality of a geodetic hub set of G is called the geodetic hub number of G,
denoted by hgeo(G). In this paper, we initiate the study of geodetic hub number
of a graph. The geodetic hub number of several classes of graphs are determined
and its value for some graph operations are studied.
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1. Introduction

By a graph G = (V, E') we mean a simple, connected undirected graph without
loops and multiple edges. |V (G)| = n and |E(G)| = m denote number of vertices
and edges of G, respectively. The distance d(u,v) between two vertices u and v
in G is the length of the shortest path joining them. The shortest u — v path is
called a geodesic. The diameter of a graph is the length of any longest geodesic,
denoted by d(G). For basic graph terminology and definitions not given here we
refer Harary F., [3].

A vertex v is extreme vertex of G if the subgraph induced by its neighbors is a
complete graph. This was introduced in Everett M. G., and Seidman S. B., [2]. The
geodetic closure of a vertex set S C V(G) is the set of all vertices u € V(G) which
lie in some geodesic in G joining two vertices x and y of S. The geodetic number
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of G denoted by ¢(G), is the minimum number of vertices in a set S whose closure
is all of V. This was introduced by Harary et al [4] and it can find applications
in location theory and convexity theory, they proved that determination of ¢(G) is
an NP-hard problem and its decision problem is NP-complete.

The concept of hub number was introduced by Walsh M., [8], a subset H C
V(G) is a hub set of G if for any two vertices outside H there exists a path with all
internal vertices in H(This includes the degenerate cases where the path consists
of single edge wv or a single vertex u if u = v; such an H—path is trivial). A hub
set H of G is a minimal hub set of G if H \ {v} is not a hub set of G, for any
v € H. The minimum cardinality of a minimal hub set is hub number of G and
is denoted by h(G). Different variations of hub parameters have been studied in
Khalaf, S. I., and Mathad, V., [5, 6] and also in Mathad, V., Anand and Puneeth,
S., [7].

Theorem 1.1. [1] Every geodetic set of a graph contains all its extreme vertices.
Theorem 1.2. [1] The geodetic number of a tree T is the number of end vertices
i T.

2. Main Results

Definition 2.1. A subset S of vertex set V(G) is a geodetic hub set of G if S is
both a geodetic set and a hub set of G. The minimum cardinality of a geodetic hub
set of G is called the geodetic hub number of G, denoted by hgeo(G).

It is obvious that h(G) < hgeo(G). We first determine the geodetic hub number
of some standard graphs.

Observation 1. 1. For any path P,, hyeo(P,) = { , if n 393

n—2 ifn>4.
3. ifn=3,5:
2. For any cycle Cy, hgeo(Cr) = < 2, if n = 4;
n—3,ifn>6

3. For any star Ky ,, n > 2, hgeo(K1,) = n.

4. For complete graph K, hgeo(K,) = n.
2,if m orn=2;

5. For complete bipartite graph K, pn, 2 < m < n, hgeo(Kmn) =< 3, if m #2 and n = 3;
4, if m,n > 4.

6. For any Wheel graph W, hgeo(W,,) = Ln
2



Geodetic Hub Number of Graphs 71

Theorem 2.2. For a connected graph G, 2 < mazx{h(G), g(G)} < hyeo(G) < n.

Proof. Any geodetic set of G requires at least two vertices. 2 < maz{h(G ) g(G)}.
From the definition of geodetic hub number of G, max{h(G), g(G)} < hyeo(G).
V(G) is also a geodetic hub set of G, 50, hgeo(G) < n. Thus 2 < maz{h(G), g ( )} <

hyeo(G) < n.

Remark 2.3. The bound in the above theorem is sharp. For lower bound consider
Cy, h(Cy) =1, g(Cy) =2 and hyeo(Cy) = 2. For upper bound consider K,(n > 2),
hyeo(Ky) = n.

Theorem 2.4. Fvery extreme vertex of a connected graph G belongs to every
geodetic hub set of G.

Proof. By the definition of geodetic hub set, every geodetic hub set of G is a
geodetic set of GG. Hence result holds by the Theorem 1.1.

Theorem 2.5. For a connected graph G of order n > 2, hyeo(G) = n if and only
if G =2 K,.

Proof. Let G = K,. Then every vertex of G is an extreme vertex. Thus
hyeo(G) = n. Conversely, let hgeo(G) = n, n > 2. For n = 2, G = K,. Let
n > 3. Contrarily suppose there exist nonadjacent vertices v and v in G. Let w
be a vertex adjacent to u lying on a u — v geodesic path. Then V(G) \ {w} is a
geodetic hub set of G, a contradiction to hgeo(G) = n. Thus G = K,,.

Theorem 2.6. If G is a connected graph of order n > 2 with hyeo(G) = 2 then
d(G) < 3.

Proof. Let hyo(G) =2 and S = {u, v} be a minimum geodetic hub set of G. For
n=2 G=Kyand d(G) =1. Forn =3, G = P; and d(G) = 2. Let n > 4. For
all v;, v; € V(G) \ S either v; is adjacent to v; or there exists S—path between v;
and v; and every vertex of G lies on a u — v geodesic path. Let z,y € V(G) with
d(z,y) = d(G) > 4. We have the following cases.

Case 1: Let x, y € S. Then x = u, y = v, u is not adjacent to v. Consider
the shortest path wwiws ---wyv, £ > 3. Then w; and w; do not have S—path, a
contradiction to the fact that S is a hub set.

Case 2: Let 2,y € V(G) \ S. Since S is geodetic set, u is not adjacent to v. So,
either = is adjacent to y or xuy or xrvy is an S—path between = and y, so that
d(x,y) > 2, a contradiction.

Case 3: Let x € S, y € V(G) \ S, let x = u. Since S is a geodetic set, x is not
adjacent to v and y lies in a geodesic path zwjws - - - wy_yw; - - - wiv, say. Then,
there is no S—path between w; and wy, a contradiction to the fact that S is a hub
set. Hence d(z,y) < 3, so d(G) < 3.
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Lemma 2.7. For G = K; + JrK; of order n, where r; is any natural number
and > 1y > 2, hyeo(G) =n — 1.

Proof. Let G = Ky + |7 K, where > r; > 2. Then n > 3 and G has exactly
one cut vertex v, say, the remaining all vertices are extreme vertices. Then by
Theorem 2.4, S = V(G) \ {v} is a subset of any geodetic hub set of G and so
hyeo(G) =n — 1.

Theorem 2.8. Let G = (n,m) be a connected graph. Then hgeo(G) = n — 1 if
and only if G has a cut vertex w of degree n — 1 such that G — w 1is the union of
complete graphs.

Proof. Let hyo(G) = n —1 and S be the minimum geodetic hub set such that
V(G) N S = {w} for some w € V(G).

Step 1: If S = {v,} for v; € V(G) then V(G) = {w,v,}. Since G is connected,
G = K, for which hge,(G) = 2, a contradiction. So, hgeo(G) = [S]| > 2.

Step 2: If w lies on a cycle wvyvs - - - vpw,say, then k # 2, for if k = 2 then w is
not in any v; — vy geodesic path. Then S U {w} is a minimum geodetic hub set of
G, a contradiction. So, k > 3. Now, S\ {v2} would be a geodetic hub set, so that
hyeo(G) < n — 2, a contradiction. Hence w is a cut vertex of G.

Step 3: If deg(w) < n — 2, then there exists v; € S such that w is not adjacent to
v;, 50, S — {v;} is a geodetic hub set, and h,eo(G) < n — 2, a contradiction. Hence
deg(w) =n — 1.

Let H be a component of G —w containing nonadjacent neighbors v and v of w, and
u = v1vy - - - v, = v be a shortest uw — v path in H. Then k£ > 3 and V(G) \ {w, vy}
is a geodetic hub set, a contradiction. Thus N(w) N V(H) induces a complete
graph. If G —w consists of only one component then w is a extreme vertex, again
a contradiction. Hence G — w is disjoint union of complete graphs H;, Hy, - -+ , H),.
The converse follows by Lemma 2.7.

Theorem 2.9. If G is a connected noncomplete graph with h(G) = 1, then either
hyeo(G) = g(G) o1 hyeo(G) = g(G) + 1.

Proof. Since h(G) = 1, let {x} is a minimum hub set of G, A(G) > n — 2 and
d(G) = 2. G has at least two nonadjacent vertices. Let S be a minimum geodetic
set of G. Then every w ¢ S belongs to a u — v geodesic path for some u,v € S.
Since d(G) = 2, this geodesic path is uwwwv. Further, any nonadjacent vertices
z,y € V(G) ~\ S are joined by a path xvyy for some vy € S, because d(G) = 2.
Thus S is a minimum geodetic hub set of G and so hyeo(G) = g(G). Now, if x € S,
then S itself is a geodetic hub set of G, 50, hyeo(G) = |S| = g(G). If © ¢ S, then
SU{x} is a minimum geodetic hub set of G, 50, hyeo(G) = |S| + 1 = g(G) + 1.

Remark 2.10. The converse of Theorem 2.9 need not be true. For example, con-
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sider Cs, hgeo(G) = g(G) = 3 but h(G) = 2.

Theorem 2.11. Let G = Ky, j,
. <k,. Then
1. if ki =1, for every i, 1 <i <mn, then hyeo(G) = n.

k, be complete n—partite graph with ki < ko <

.....

2. if ki =2 or ky = 3, then hyeo(G) = k.

3. if ky >4, then hyeo(G) = 4.

4. ki=1,1<i<t for somet>1 and 2 < kipq <4, then hyeo(G) = k1.
Proof. Let V(G) =V, UV, U...UV,.

1. If k; = 1, for every i, then G = K, and result follows from Theorem 2.5.

2. Every partite set V;, 1 <1 < n is a geodetic hub set. So, if k; = 2 or 3, then
Vi is the minimum geodetic hub set of G and s0 heo(G) = k.

3. Let " =V, or Vi, 1<14,5 <n. S" is a geodetic hub set of G. But S” is not
a minimum geodetic hub set of G. We show that S = {u,v,z,y} C V; UV},
where u,v € V; and z,y € V}, for i # 7, is a minimum geodetic hub set of G.
Let u,v € S and a,b € V(G) . S. We consider the following cases.

Case (i): If a,b € V;, 1 <i < mn, then axb is an S—path, a and b lie on z —y
geodesic path in G.

Case (ii): If a € V;, b€V}, 1 <1i,j <mn, then a and b are adjacent vertices.
Also a lies on & — y geodesic path and b lies on u — v geodesic path in G.
Case (iii): If a,b € V}, 1 < j < n, then aub is an S—path in G and @ and b
lie on u — v geodesic path in G.

Case (iv): If a,b € V,,,, 1 < m < n and m # i,j, then aub is an S—path.
Also a and b lie on x — y geodesic path in G.

In all the above cases S is a geodetic hub set of G. Since any three element
set is not a geodetic hub set, we have hg,(G) = 4.

4. The proof immediately follows from (2) and (3).

Theorem 2.12. Let T be a tree of order n > 3. Then the following statements
are equivalent.

1. g(T) = hyeo(T).

2. T is either a star or a double star.
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3. h(T) < 2.
4. The set of all leaf vertices of T is a hub set of T'.

Proof. Let S consists of all leaf vertices of T. From Theorem 1.2, S is the unique
geodetic set of T

()= (2): Let hyeo(T) = g(T'). If T is neither a star nor a double star, then
d(T) > 3. So, T has at least one nonleaf nonsupport vertex. Then there exists
atleast two support vertices having no S—path and so hgo(G) > |S| = g(T), a
contradiction. Hence 7" must be either a star or a double star.

(2)= (3): If T is a star with central vertex vg. Then S = {vp} is a minimum hub
set of 7. Hence h(T) = 1. If T be a double star with central vertices uy and vy.
Then S = {ug, vo} is a minimum hub set of T". Hence h(T") = 2.

(3)= (4): If h(T) = 1. Then there exists a vertex vy, say, in 7" such that v, is a
nonleaf vertex and all vertices other than vy are the leaf vertices in 7". So S forms
a hub set of T. If h(T) = 2. Then there exist nonleaf vertices uy and vy in 7.
Hence S forms a hub set of 7.

(4) = (1): By hypothesis, S is a hub set of T', h(T") < |S|. Since S is the unique
geodetic set of T', g(T') = |S|. Hence, S is a minimum geodetic hub set of 7" and
50 (1) = hyeo(T).

Proposition 2.13. Let G1,Gq,..., Gy be the components of a graph G with

V(G| =ni andny <mng <...<ng. Then hyeo(G) = hgeo(Gt) + t_zl V(Gj)].

Proof. Any minimum geodetic hub set S of G must contain all ver]tTcles of first t—1
components and the vertices of the geodetic hub set of the remaining component G;.
This means that minimum geodetic hub set of G is of the form S = [Dl V(G;)]US,
where S; is geodetic hub set of GG;. Thus, the conclusion follows. =

Definition 2.14. A geodetic hub set S in G is called a minimal geodetic hub set
if no proper subset of S is a geodetic hub set of G.

Remark 2.15. Fvery minimum geodetic hub set of G is a minimal geodetic hub
set of G. In Figure 1, S; = {vy,v4} is a minimum geodetic hub set of G. But the
converse need not be true because Sy = {ve, v3,v5} is a minimal geodetic hub set of
G and it is not a minimum geodetic hub set of G.

Theorem 2.16. Let G = G + K,,, where Gy is noncomplete connected graph and
n > 1. Then hyeo(G) = min{|S| : S C V(G;) and S € Q(G)}, where Q(G) denotes

the collection of all minimal geodetic hub sets of G.
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V2

Us

Figure 1

Proof. By the definition of join of graphs, d(G) = 2. Let S C V(G) be a minimal
geodetic hub set of G. Since G is noncomplete, there exists a pair of vertices
u,v € S such that dg(u,v) = 2. In particular, u,v € V(G;). Also, each vertex
of K, lies on some u — v geodesic path in G. We have SN V(K,) = (. Hence
S C V(Gy). Thus the desired conclusion follows immediately.

Remark 2.17. In Theorem 2.16, Q(G) cannot be replaced by Q(G1). For example,
any minimal geodetic hub set of S, ,, + K cannot be a minimal geodetic hub set of

Sn.m-

Corollary 2.18. Let G = Gy + K,,, where Gy is a noncomplete graph and n > 1.
If d(Gl) = 2, then hgeo(G) = hgeo(Gl)-
Proof. Since d(G;) = 2, so, result follows by the Theorem 2.16.

Theorem 2.19. Let Gy = (V, E) be a graph of order n and let G be a graph. Let
Gl = Vi, Ey), GE= (Va, Es),...,G% = (V, E,) ben copies of Gy in Gy 0G5, such
that v; € V is adjacent to all vertices of Gb.

1. Given three different vertices x,y and v of Gy 0 Gay, if v € V; and x,y ¢ V;
then v does not lie on any x — y geodesic path in G1 o G.

2. If S is a geodetic hub set of G1 o Gy, then SNV; 40, for 1 <i<n.

3. If S is a minimum geodetic hub set of G1 o Gy, G5 is noncomplete graph and
n=1then SNV = 0.

4. If G5 is a noncomplete graph and S is a minimum geodetic hub set of G1 0G5,
th@n for every i, 1 < i <mn, S; =S5NV, is a minimum geodetic hub set of
G + v;.

5. If Gy is a noncomplete graph and for every i, 1 <1 < n, S; is a minimum
geodetic hub set of G + v;, then S; C V; and S = O S; UV is a minimum
geodetic hub set of G1 o Gs. -
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Proof. The proof of (1) and (2) follow directly from the definition of geodetic
hub set as the vertices belonging to V; are adjacent to only one vertex not in V;.
(3) Let S be a minimum geodetic hub set of G o Gy. By (2), we have SNV, # ()
for every i, 1 < i <n and by (1), if v € V;, then there exist nonadjacent vertices
z,y € SNV such that v lies on x — y geodesic path. Since d(G% + v;) < 2, if
u,v € V;, then uzv is an S—path in G + v;. Suppose SNV £, let v; € SNV,
then G; o G5 is a noncomplete graph. So there exist nonadjacent vertices a,b € S
such that the vertex v; of G7 belongs to a — b geodesic path in G o Gy and v is
adjacent to each vertex in Vi. So, S\ {v1} is a geodetic hub set of Gy o Ga, a
contradiction. Hence SNV = 0.
(4) Let G5 be a noncomplete graph and S be a minimum geodetic hub set of G;0Gs.
By (2) we have S; = SNV, # () for every i, 1 <i <n. Let a € (V;U{v;}) \ S..
We have the following cases.
Case (i): Let a = v;. Since v; is adjacent to every vertex of G and Gf is a
noncomplete graph, there exist nonadjacent vertices ¢, d of G% such that c,d € S;.
Hence v; lies on ¢ — d geodesic path in GY.
Case (ii): Let a # v;, then a € Vj, and there exist nonadjacent vertices z,y € S;
such that a lies on o — y geodesic path in G%.
Also, v; is adjacent to every vertex in G%, by the definition of G o G5 and since
S is a minimum geodetic hub set of G o Gg, any two vertices of (V; U {v;}) \ S;
have a S;—path in G% + v;. In both the cases, S; is a geodetic hub set of G + v;.
Suppose S; is not a minimum geodetic hub set of G + v;, then S is not a minimum
geodetic hub set of G o Gy, a contradiction. Hence, (4) follows.
(5) Let Gy be a noncomplete graph, for every i, 1 < i < n, S; be a minimum
geodetic hub set of G + v;. Since G% + v; is noncomplete and v; is adjacent to
every vertex of G%, there exist nonadjacent vertices z,y of G% such that x,y € S;.
Hence v; lies on x — y geodesic path. Therefore v; ¢ S; and so, S; C V;. Now, let
S=S;UVand a,be€ V(G oGy) ~\ S. We consider the following cases.

i=1
Case (i): Suppose a,b € V;. Since S; is a geodetic hub set of G% + v;, there exists
vertices z,y € S; such that a and b lie on z — y geodesic path in G; o G5 and axb
or ayb is an S—path in G| o Gs.
Case (ii): Suppose a € V; and b € V}, for i # j. By case (i) azvive---vyb for
some t, 1 <t <n,is an S—path, for some z € S; and y € §;. Also, a and b lie on
some geodesic path between vertices in G o Gs.
Hence, in both the cases, S is a geodetic hub set of G; 0 G5. Since S; is a minimum
geodetic hub set of G% + v;, for every 1 < i < n, S is a minimum geodetic hub set

of G1 o GQ.
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Corollary 2.20. Let Gy be a graph of order n and Gy be a noncomplete graph.

Then S is a minimum geodetic hub set of Gy o G if and only if S = |J S; UV,
i=1

where each S; C V; is a minimum geodetic hub set of G + v;.

Proof. Result follows from (4) and (5) of Theorem 2.19.

Theorem 2.21. For any two graphs G and Gy, with |V (G1)| = ny and |V (Gs)| =
U

ny + ning, if G1 and Gy both complete;
hgeo(Gl o GQ) -
ning + h(Gy), if Gy is noncomplete and Go is complete.

Proof. Suppose GG; and Gy are complete then G; o GG is also complete then by
Theorem 2.5 hyeo(G1 0 G2) = ny + nyna.

Suppose G is any noncomplete graph and G is complete. Let S be a minimum
geodetic hub set of GG, by the definition of corona product and geodetic hub set,
S has all vertices of ny copies of V(G3) together with all vertices of minimum hub
set of (Gy.

S0, hgeo(G1 0 Ga) = ning + h(Gh).

Theorem 2.22. If a and b are positive integers such that 2 < a < b, then there
exists a connected graph G of order b with hye,(G) = a.

Proof. If @ = b and G = K, then by Theorem 2.5 hy,(G) = a. If a < b, let
H = K, be the complete graph on a vertices vy, vg, ..., v,. Add b —a + 1 new
vertices uy, Us, ..., Up_q, w to H and join the vertices uq, us, ..., up_, to both v,
and w. We get the graph G shown in Figure 2.

Figure 2

Now S = {v1,v2,...,v,_1} consists of all extreme vertices of G, by Theorem 1.1,
they must belong to every geodetic set, S; = S U {w} is a geodetic set and also a
minimum geodetic hub set of G. hyo(G) = |S1| = a.

Theorem 2.23. For any two positive integers a and b with 2 < a < b, there exists
a connected graph G with g(G) = a and hyeo(G) = b.
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Proof. Consider a path P,_,.3, together with (a — 1) end vertices all adjacent to
the same end vertex v,_q13 of P,_,13, resultant graph G is shown in Figure 3.
Clearly S = {vy, u1,usg,...,uqs—1} is the set of all extreme vertices of G. Since G is
a tree, by Theorem 1.1 g(G) = a. The set S = {v1,va, ..., Vy_as1, Us, Us, . . ., Ug_1 }
is a minimum geodetic hub set of G' with |S'| = b.

G (%1 (%) V3 .
Figure 3

Theorem 2.24. Let a > 4 and b > 2 be any two integers. Then there is a con-
nected graph G with h(G) = a, g(G) = b and hyeo(G) = a+b.

Proof. Consider a cycle Cs with vertex set V(Cs) = {v1, v, v3, 04, 05,06} and a
path P, 3 with vertex set V(P,_3) = {ug,us,...,u,_3}. Obtain graph H from Cj
and P,_3 by joining the vertex vy in Cg and u; in P,_3. Add b — 1 new vertices
wy, Wa, ..., wy_1 to H and join each of them to the vertex v;. The resultant graph
G is shown in Figure 4.

Vg Ul U2 U3 Ug Ug—4 Ug—3

G:w
w1 Vg Us
Figure 4
The set S = {vy, v, U3, vy, Uy, U, . . ., Ug_4 } IS @ minimum hub set of G with |S| = a.
Let S" = {wy,wy, ..., wy_1,uqs_3} be the set of all extreme vertices of G so that they

must belong to every geodetic set of G. S’ itself is a geodetic set of G' and hence
S' is a minimum geodetic set of G with |S'| = b. Thus h(G) = a and g(G) = b.
Clearly SU S’ is a minimum geodetic hub set and so hgeo(G) = a + b.

Theorem 2.25. FEvery pair of integers a, b with 1 < a < b can be realized as the
hub number and the geodetic hub number, respectively, of some connected graph G.
Proof. We prove this theorem by considering two cases.

Case (i): 1 =a <b. Let G = Kyp, b > 2 be a star. Then A(G) = 1 and
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hgeo(G) = b. .
Case (ii): 2 < a < b. Take H = C,yo, the cycle graph with a + 2 vertices
V1, Vg, ..., Vgre. Add b — a+ 1 new vertices uy, us, ... up_qr1 to H by joining each

of them to v; to get graph G of Figure 5.

Va+1 Va2 U

G:

V4

Vs (%)

Figure 5

Clearly the set S = {v1,v2,...,v,} is minimum hub set of G with |S| = a. Let
S" = {vy,v3, ..., Va, U1, Us, ..., Up_qr1} be the set of all extreme vertices of G so
that by Theorem 1.1, they must belong to every geodetic set of G. Also S itself is
a geodetic set of G and hence S" is a minimum hub set of G. So, S is a minimum
geodetic hub set of G with |S'| = b.

3. Conclusion
In this paper, the concept of geodetic hub number is introduced and studied it
for several classes of graphs and graph operations.
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